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Abstract

We incorporate competition for jobs into an assignment model to investigate the im-
plications of occupational choice for the matching between heterogeneous workers and jobs
of differing quality. When occupational choice is without frictions, more able workers choose
more (costly) education and workers sort across occupations in a way that induces positive
assortative matching. We characterize the distortions that arise when entry into an occupa-
tion is costly for a group of workers, e.g. due to the existence of stereotypes. The associated
utility-loss is increasing with a worker’s ability because, although high-ability workers obtain
jobs of similar quality as in the absence of stereotypes, competition for those jobs turns out to
be stronger.
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1 Introduction

In the presence of complementarities between capital and labor, surplus is maximized when
the most able workers are matched with the highest quality jobs, that is, when there is positive
assortative matching (PAM). Becker’s (1973) insight, that PAM emerges as an equilibrium outcome
in a matching market without frictions can therefore be interpreted as a welfare theorem, ensuring
the efficient allocation of productive resources. An implicit assumption of Becker’s (1973) seminal
work and most of the literature that followed is that workers compete in a common labor market for
jobs belonging to a single “sector” or “occupation”. In reality, workers’ choice how much to invest

into their careers is preceded by a decision which kind of career to pursue. The choice of a field of
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study or occupation is taken relatively early in life and is likely to depend on a worker’s abilities as
well as the opportunities workers expect in different sectors of the labor market.

Accounting for occupational choice, PAM might be more difficult to achieve, due to the ex-
istence of a coordination problem: A more able worker might obtain more education than a less
able worker and yet fail to obtain the better job at a hospital due to the worker’s choice to become
an engineer and not a doctor. As occupational choice can be interpreted as the selection between
alternative labor contests, workers of differing abilities may fail to sort across sectors that differ in
opportunity (Azmat and Moller, 2018; Morgan et al., 2018). In fact, the view that “competitive con-
tests do not automatically sort workers in ways that yield an efficient allocation of resources” dates
back to Lazear and Rosen’s (1981) seminal interpretation of careers as rank-order tournaments.!

In this paper we investigate the influence of occupational choice on labor market sorting. Our
approach follows Olszewski and Siegel (2016) by modeling workers’ competition for jobs within each
sector as a “large contest”. Sectors differ with respect to the distribution of “prizes” consisting of jobs
of heterogeneous quality. Following the matching literature with non-transferable utility, we assume
that a worker experiences an increase in utility from obtaining a better job and that this increase
is larger for more able workers. Workers choose between two possible occupations and compete for
the jobs in the corresponding sector by deciding how much of an occupation-specific education to
acquire. Education is equally costly for both occupations but occupations may differ with respect
to their distribution of job-qualities. Within each sector, higher education is rewarded with a better
job, i.e. the assignment of jobs is assumed assortative with respect to education. Our interest lies
on the equilibrium allocation of workers across the full set of jobs comprising both occupations,
with a particular focus on whether this allocation is assortative with respect to workers’ abilities.

We first show that Becker’s (1973) welfare theorem remains valid, in that PAM constitutes
the unique equilibrium allocation in a labor market with occupational choice. That is, occupational
choice itself does not constitute a friction and the market resolves the workers’ coordination problem
leading to an efficient allocation of workers across jobs. This result is surprising in light of the
aforementioned literature, casting doubt on the existence of sorting. In order to clarify the relation
between PAM and sorting we offer a precise definition of opportunity, under which sorting with
respect to opportunity becomes necessary and sufficient for PAM. More specifically, we show that
when the distributions of jobs within each occupation are absolutely continuous, then sorting and
PAM become equivalent if the distribution of jobs in one occupation dominates the distribution
of jobs in the other in the sense of Likelihood Ratio Ordering (Shaked and Shanthikumar, 2007).
Identification of this condition bridges a gap between the literature on matching in labor-markets
(Becker, 1973) and sorting across labor-tournaments (Azmat and Moller, 2018; Morgan et al., 2018)
by explaining the link between the related notions of PAM and sorting.

!Lazear and Rosen (1981) investigate the possibility of sorting across two endogenously formed wage structures
offered by competitive but otherwise identical firms.



In the second part of our analysis we introduce the possibility that a subset of workers ex-
periences a cost from participating in one of the two occupations. Such a cost may arise from
the disutility certain workers experience from working in a job that fails to match their “identity”
(Akerlof and Kranton, 2005), e.g. due to the existence of stereotypes. For instance, there exists
evidence that women choose occupations that are oriented towards working with people, whereas
men choose occupations oriented towards working with things (Kuhn and Wolter, 2022), explaining
high degrees of occupational gender segregation (Charles and Grusky, 2005) in spite of considerable
public efforts towards its reduction. Understanding the causes and implications of occupational
segregation is of both academic and policy interest, especially when certain sectors, such as health
care, experience a shortage in labor supply (Delfino, 2024).

Assuming that the distribution of abilities within the group of “constrained” workers is the
same as within the group of “mobile” workers—who do not experience any costs of participation—
we first show that when the distributions of jobs in the two occupations can be ranked in terms of
the likelihood-ratio ordering, then PAM can be maintained as an equilibrium outcome if and only if
the group of constrained workers is sufficiently small. Remarkably, the threshold above which PAM
fails to emerge turns out to be independent of the size of the disutility that constrained workers
experience from stereotypes. This finding is worrying because it implies that policies aiming at the
elimination of job-market distortions via a reduction of stereotypes may prove ineffective unless
they eliminate those stereotypes altogether.

That stereotypes constitute an obstacle for PAM is not surprising, as they induces workers to
choose occupations not only on the basis of their individual abilities and the opportunities offered.
Instead, our contribution lies in characterizing the precise nature of the induced distortions, and
our results inform policy about the group of workers that needs to be targeted if occupational
segregation is aimed at being reduced.

An important insight that emerges from our analysis is that the utility losses that constrained
workers experience in the presence of stereotypes are increasing with their abilities. In particular,
although assimilation may help constrained workers with high abilities to obtain jobs of identical
quality as in the absence of stereotypes, the increase in competition for those jobs is sufficient to

make high-ability workers the biggest losers.

2 Setup

We consider a labor market consisting of a continuum of workers with heterogeneous abilities and
a continuum of jobs with heterogeneous quality. There are two sectors or occupations, A and B.

Within each occupation, workers compete by acquisition of costly education and the most educated



workers get assigned to the highest quality jobs.? Firms play a passive role in our model, and the
distribution of jobs across sectors is assumed exogenous. Instead, the focus of our model lies on the
workers’ choice of occupation and its implications for the overall allocation of workers across jobs.

More specifically, let the mass of workers be normalized to one and assume that, within each
occupation, there exists a mass one of jobs. Assuming the number of jobs within each occupation
to be sufficiently large to serve the overall number of workers in the market is innocuous because
our model allows for a non-zero mass of jobs with zero quality. Workers who become matched with
zero-quality jobs can be interpreted as remaining unemployed.

The ability of a worker is a random variable X € [0, 1], absolutely continuously distributed.
X is characterized by cumulative distribution F(z) and density f(z) > 0. We denote by ox the
sigma-algebra generated by X. The quality of a job is a random variable Y € [0,1] and H4(y) and
Hp(y) are the cumulative distributions of jobs within each sector. F, H 4, and Hp are exogenous
and constitute common knowledge.

Payoffs. A worker with ability x, who chooses occupation i € {A, B} and education level
e > 0, obtaining a job with quality y in sector j € {A, B} has utility

U(.’L‘7y,6,l,]):]1(lzj)LL'U)(y)—e (1)

Here I(.) denotes the indicator function taking the value one when its argument is true and zero
otherwise. It accounts for the assumption that education is occupation-specific, in that choosing
the right kind of education is necessary to make a worker “employable” in a given sector. The
function w(.) is assumed to be continuously differentiable, non-negative, and strictly increasing.
An important assumption, implicit in (1) is that an increase in job-quality is more beneficial to
workers with higher abilities. In contrast, a worker’s cost of education is given by —e, and is thus
assumed to be independent of the worker’s ability and occupational choice.® A worker’s utility from
choosing no education and remaining without employment is normalized to zero

Timing. In stage 1, all workers simultaneously choose an occupation i € {4, B} and a level
e > 0 of occupation-specific education.* In stage 2, workers are assigned to the jobs in the sector
corresponding to their occupational choice. Within each sector, the matching between workers and
jobs is assumed to be assortative with respect to workers’ education. That is, workers who chose

more education are matched to jobs of higher quality.

2Such an assignment arises when firms have a preference for highly educated workers or when education serves as
a signal for workers’ abilities as in Hoppe et al. (2009) and Hopkins (2012).

3Results remain qualitatively unchanged when a worker’s marginal cost of education is decreasing in his ability .

4 Assuming that workers choose their level of education after observing every other worker’s occupational choice
would have no effect on our results.



2.1 Strategies and equilibrium

A worker’s strategy combines a choice of occupation with a level of education. Formally, let

a measurable function
pA [07 1] - [Oa 1] (2)

denote a worker’s likelihood of choosing occupation A in dependence of his ability. As a worker’s
utility from being unemployed is normalized to zero and as workers are free to choose zero education,
a worker who chooses occupation A with probability p 4 («) will choose occupation B with probability
ps = 1 —p4. Note that because we consider a continuum of workers, an alternative interpretation is
that any specific worker chooses either A or B and p 4(x) and pg(z) denote the fraction of workers
with type = choosing A or B, respectively. To be consistent with either interpretation, we define

next a worker’s choice of education, conditional on his choice of occupation. For this purpose, let
€A : [O,l}*}RJ’_, EB - [0,1]%&4_ (3)

be a pair of measurable functions mapping a worker’s ability into non-negative levels of occupation-
specific education. Restricting attention to strategies that randomize occupational choice but not
education (conditional on occupation) rather than considering joint probability distributions over
{A, B} x [0,00) turns out to be inconsequential for the determination of equilibrium.

We focus on situations where workers strategies are symmetric, in that workers’ of identical

type, x, follow the same strategy. Then given workers’ (symmetric) strategies (p.a,ps,c4,e8) We
can define for i € {A, B}:

Wi(e) = / I{e(x) < e}pi(x)dF(x). (4)

U, is the cumulative distribution of education levels in occupation i € {A, B} that arises from

workers’ strategies. Now define, for each occupation ¢ € {A, B}, the quantile function
H; ' (g) = inf{y : Hi(y) > g}, (5)

which returns, for any ¢ € [0,1], the minimal quality of a job in the highest quantile ¢ of the
distribution of jobs in sector ¢. The quantile function allows us to determine the quality y;(e) of the
job a worker with education e gets matched with in sector i. Because within each sector matching

is assumed assortative with respect to education, the mass of jobs with quality at least as large as



yi(e) has to be just enough to cover the mass of workers whose education is at least e, that is

yile) = H! (1 - / I{e < é}d\lli(é)> . (6)

Note that when the distribution of job-qualities in sector ¢ has a strictly positive density then H;
is strictly increasing and the quantile function H; ! is simply the inverse of the CDF (justifying the
slight abuse of notation). Finally, for our subsequent definition of equilibrium it is useful to define

a worker’s occupation-specific payoff function in dependence of his ability-type x:

Vi(z) = max {z - w (yi(e)) — e} (7)

Equilibrium. With the help of these concepts, we can now define a symmetric equilibrium as a
collection of mappings from workers’ ability-types into occupational choice and occupation-specific

education levels (pa,ps,c4,e5) that satisfy the following conditions:

pa(z) € arg max {pVa(z) + (1 =p)Vs(@)} and ps(@) =1-pa(e), (8)
gi(x) = arg max {z-w(yi(e)) —e} forall ie{A B} 9)

Under the assumption that workers with equal ability behave identically, conditions (8) and (9)
ensure that: (i) a worker enters an occupation only if he cannot obtain a strictly larger payoff from
entering the alternative; and (ii) conditional on entering a specific occupation, a worker chooses
education to maximize the difference between the benefit of obtaining a job with quality y;(e) and

the cost of education e.

2.2 Benchmarking: Positive assortative matching

Given our objective to understand the effects of occupational choice on the allocation of
workers across jobs, we now consider, as a benchmark, a setting where occupational choice is
absent. In particular, we consider a combined labor market with only one occupation, where
workers compete for all jobs in AU B. We maintain our assumption that in this combined market,
workers are matched to jobs assortatively, with respect to their endogenously chosen education, but
now education is to be seen as universal, equally relevant for all jobs in A U B. In the combined
market, A U B, a mass one of jobs with the lowest quality will remain unfilled, which makes the
CDF

Haus(y) = max{Ha(y) + Hs(y) — 1,0} (10)



of the jobs with qualities above

y = inf{y : Ha(y) + Hs(y) = 1} (11)

our primitive. On the basis of the distribution of jobs in the combined labor market, we can now

define the allocation of workers across jobs that satisfies positive assortative matching (PAM):

v (2) = Haip(F (@) (12)

The allocation y*(z) is assortative in that it matches a worker’s ability-quantile with the quality-
quantile of the job he gets assigned to. Our first result shows that, when in the combined market
the assignment of jobs is assortative with respect to education, then positive assortative matching
with respect to ability arises as an equilibrium—almost uniquely—when workers compete for jobs

by choosing education:

Proposition 1. In the absence of occupational choice, the following mapping between a worker’s

ability and (universal) education constitutes an equilibrium of the workers’ competition for jobs:

eauB(z) =z - wly*(z)) — /Ow w(y*(z))dz. (13)

Because € gy is monotone increasing, the resulting allocation of workers across jobs satisfies PAM,

i.e. yaup(eaus(x)) = y*(x), and equilibrium payoffs are
Vaus(x) = zw(y*(z)) — eaus(z) = /096 w(y*(2))dz. (14)

Moreover, the equilibrium in (18) is essentially unique, i.e. for any symmetric but potentially
mizved strategy equilibrium, represented by a family of CDFs {G(e;%)}ze0,1] it holds that G(e;x) =
H{eaus(z) < e} for almost all x € (0,1).

While the formal proof is relegated to the Appendix, the following “derivation” of the equilib-
rium in (13) is useful to build intuition. For this purpose, let (.) be any (pure-strategy) equilib-
rium mapping between ability and education that is monotonically increasing (and thus implements
PAM). Consider a worker with ability  who contemplates obtaining the job allocated in equilib-
rium to a worker of higher ability & > . Doing so requires higher education and for £(.) to be an
equilibrium, the corresponding increase in the costs of education, () — e(x), should exceed the

worker’s gain from being matched with the better job:

e(2) —e(z) = z[w(y™(2)) —wly*(z))]- (15)

Reversing the argument, for a worker with ability & the cost-savings from a reduction in education,



e(#) — e(z), should not suffice to compensate for the worker’s loss from being matched with the

worse job:
e(t) —e(x) < 2w(y™(2)) — wly™(z))]. (16)

In combination, these two conditions provide upper and lower bounds on how much a worker’s
education can vary with his ability, for £(.) to be an equilibrium. Dividing both conditions by & — x
and taking the limit £ — x they imply that

de(x)  dw(y*(z))

de ° dx (17)

Because the utility a worker derives from a job is normalized to zero when the worker has zero
ability, such a worker must choose zero education in equilibrium, i.e. £(0) = 0. It thus follows from
the fundamental theorem of calculus and integration by parts that for £(.) to be an equilibrium it

has to satisfy

x

T dw(y*(z N .

=+ [ i ur @) - [wr e = a9
0 0

In summary, this argument therefore shows that a symmetric, monotone mapping between ability

and education must follow (13) to be an equilibrium. For an illustration of this equilibrium, see

Figure below.

3 Occupational choice

In this section, we prove a “welfare theorem” guaranteeing the efficient allocation of workers
across jobs. Our analysis in the previous section has shown that PAM emerges as the unique equi-
librium outcome, when workers compete in a common labor market that rewards higher education
with better jobs. However, when the labor market is segmented and workers must choose between
different occupations, it is not clear whether the “invisible hand” induces workers to sort across
occupations in a way that allows the most able workers to become matched with the highest quality
jobs. The workers’ self-selection into an occupation then resembles the choice between alternative
“contests” and workers may fail to sort, in that more able workers are not necessarily more likely to
enter the contest offering the better “opportunities” (Azmat and Moller, 2018, Morgan et al., 2018).
Our subsequent analysis sheds light on the relation between PAM and sorting by offering a precise
definition of opportunity for which sorting becomes necessary for PAM.

To formulate this section’s main result, denote by Z the lowest ability type among those work-

ers who get matched to a job of highest quality y = 1 in the PAM allocation y*(z). Correspondingly,
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Figure 1: Benchmarks. In the absence of occupational choice a worker with ability x obtains
education € 4up(z) and utility Vaup(x). Competition for jobs induces PAM between workers and
jobs, i.e. yaup(eaun(z)) = y*(z). The same outcome emerges when workers choose occupations
but entry is free. Workers then enter occupation A with probability p* (x) and occupation B with
probability pj = 1 — pa. Plots assume F(z) = z, Ha(y) = v?, Hs(y) = vy, and w(y) = y which

implies that y*(z) = $(v/5 + 4z — 1) and p%(z) = 7% =1-pz(z).

denote by z the highest type among those workers who get matched to a job featuring the lowest
quality y = y of all jobs that get matched. Formally, let T and x be defined implicitly by:

F(T) = 1;?? Haus(y) and  F(z) = Haus(y)- (19)

We then have the following:

Proposition 2. Occupational choice induces no loss to allocative efficiency. PAM arises as an

equilibrium in which workers choose occupation A with probability

171imy¢1 HA(y) . —
Ty at) ey 4T 2T
* _ h *(x . —
H.a(0) )
HAT0) +HaT0)" if o<z,
and occupation B with probability p = 1 — p% and spend the same resources on education as

in the benchmark without occupational choice, i.e. e4(x) = eg(x) = eaup(x). Moreover, PAM

is essentially the unique equilibrium allocation of workers across jobs, i.e. in every equilibrium



ya(z) = ys(x) = y*(x) almost everywhere.5

The proof of Proposition 2 is constructive and is therefore presented here. The proof proceeds
in two steps. Step 1 shows that when matching within each occupation is assumed to be assortative
with respect to ability, then we can choose the workers’ entry-probabilities p4(z) and pg(x) in such
a way that in each of the two sectors, y*(z) emerges as the allocation of workers across jobs. Step
1 is “mechanical” in that it abstracts from workers’ choices. Step 2 mirrors our benchmark analysis
by showing that, within each occupation i € {A, B}, workers’ equilibrium choice of education
is monotone increasing and thus implements assortative matching jobs with respect to workers’
abilities. As a worker’s equilibrium payoff is entirely determined by the allocation of jobs to workers
of lower ability, and because allocations are identical across occupations by our choice of entry-
probabilities in Step 1, i.e. y4 = yg = y*, a worker with ability x receives the same payoff,
Va(z) = Va(x) = [ w(y*(2))dz, in each occupation. This justifies why, in Step 1, we could choose

entry-probabilities from the entire range [0, 1] necessary for the construction of p4(x).

Step 1: Assume that within each occupation, matching is assortative with respect to workers’
abilities and replicate the PAM-allocation for each occupation, ie. ya(.) = ys(.) = y*(.), by
appropriate choice of entry-probabilities p4(.) and pp(.) = 1 — pa(.). Starting with the most

talented workers, > T, let

1-— limyﬂ HB(Q)

» (:E) _ 1-— limyﬂ H_A(y)
A 2 — limypy (Ha(y) +Hs(y))

2 —limyp (Ha(y) + Hs(y))

(21)

and  pg(z) =

This way, the share of top-workers joining A is proportional to the size of the atom of H 4 at
y = 1 relative to the total mass of such jobs across the two occupations, and the same holds for
top-workers joining B.

Next, for workers with ability = € (z,7), recall that y*(z) = H 1! 5(F(z)), and let

hs(y*(2))
ha(y*(z)) + hs(y*(z))

(22)

and pp(z) =

This way, a worker with ability z, who, according to PAM, should obtain a job with quality y*(z),
joins each occupation with a probability that equals the relative frequency with which such jobs can
be found in the corresponding occupation. It is as if each worker tacitly agrees to be matched to a
job whose quality-rank in a ranking formed by all jobs in both sectors corresponds to the worker’s
ability-rank, and workers coordinate their occupation choice in such a way that the fraction of

workers with ability x matches the fraction of jobs with quality y*(z) in each occupation.

5Multiplicity of equilibrium is due to potential atoms of the distribution of jobs at y = 0 and y = 1. For example,
workers with abilities * > T may join occupation A with varying probabilities in an asymmetric equilibrium, as long
as on average, they join with probability p 4 given by (20).

10



Finally, when y = 0 so that x > 0, we can choose entry probabilities for the lowest types
x < z arbitrarily because those workers will be matched with jobs of lowest quality y = 0 and thus
obtain zero utility in either occupation. For the sake of being concrete, let types x < z mix their
occupational choice in accordance with the size of the corresponding atoms at y = 0:
HA(0 Hp(0
A = O T ™ ) = ) 29)
On the basis of the entry-probabilities specified above, we are now ready to determine the ex-
pected assortative allocations of abilities within each occupation, ya(z) = ’H;ll ( le pa(2)dF(2))
and yp(z) = ’Hgl(fml pB(2)dF(z)). The following analysis considers occupation A. For occupation
B an analogous argument applies.
High types = > T get assigned to jobs with quality y4(z) = 1 because the number of jobs with
highest quality in occupation A, 1 — limy4; H.4(y), is sufficient to serve the measure of workers in

A whose ability is at least x:

! _ 1 —limy Hoay)
a0 = g SRR iy B T 0

1-— limml HA(y)
~ 1 —limy1 Haus(y)

(1= F(@)] =1~ lim M)

Here the last equality follows from the definition of Z in (19), and we have thus established that
ya(z) = y*(z) for x > T. Next consider workers with types x € (z,Z). The measure of workers in
A with higher abilities than x is:

! [T halyr(2)f(2)dz ey L limygn Ha(y)
/I pA(Z)d}—(Z) = /z hA(y*(z)) -H“%(y*(z)) + (1 ‘7:(5”))1 _limyTl HAuB(y) (25)

= lim ha(9)dy +1—=lmH4(y) =1 —Ha(y"(z)),
Y11 Jy*(2) yT1

where for the second equality, we changed the variable of integration:

dy*(z) = dH;\bB(}—(x)) ~ f(x)dx

= Faus @) (26)

By the assortativeness of the allocation y 4, the measure of workers with abilities above z in A
equals the measure 1 — H 4(y4(z)) of jobs with qualities above y.4(x) and we have thus established
that ya(z) = y*(z) for € (2,7). Finally, if y = 0 so that > 0, then by construction of p4 it
holds that

/ pA()AF(2) = 1 — Haly* (2)) = 1 — Ha (0), (27)

11



which means that there are not enough jobs with positive quality left in the assortative allocation
y4 for types z < x to be matched with so that for those types ya(z) = 0 = y*(x) as required.

In summary, we thus have that y4(x) = y*(x), for all € [0, 1], and replicating the argument
for occupation B we can conclude that our choice of entry-probabilities p% and pj in implements
PAM of workers across jobs by inducing PAM within each occupation. Figure 2 illustrates the
construction of the entry-probabilities inducing PAM for a simple example, where the distributions
of jobs in each sector has no atoms. Note from this figure the simple fact that PAM requires the

occupation offering the better jobs to also attract more entry.

Figure 2: Construction of equilibrium with occupational choice. For any worker-type x
select the job y*(z) that matches the mass of workers choosing higher education than eup(z)
(upper-left panel) with the overall mass of jobs with higher quality than y*(z) (upper-right panel).
“Good jobs” (y > y) get filled, “bad jobs (y < y) remain unfilled. Then, for each occupation
i € {A, B}, match the mass of good jobs with qualities below y*(z) (lower-right panel) with the
mass of workers with education lower than e 4 5(z) in sector ¢ by selecting the corresponding value
of P;(z) = foz pi(2) f(2)dz (lower-left panel). Repeating this process for all « determines the entry-
probabilities p* and pj inducing PAM. The plot assumes F(z) = Wz_m)z, Ha =% Hp =y,
and w(y) = y.

Step 2: It remains to show that in each occupation the assortative allocation with respect to

ability arises endogenously, from workers’ equilibrium choice of education being monotonically in-

12



creasing with their type, and that workers are willing to make the occupational choices prescribed
by our selection of p% and pj in Step 1. For this purpose we can use the main insight from our
benchmark analysis which has shown that the workers’ competition for jobs induces an equilibrium
mapping from abilities to education that is almost unique and that can be characterized completely
via the corresponding assortative allocation of jobs. Given that by construction, these allocations

are identical across sectors, i.e. y4(.) = yg(.) = y*(.), it holds that

calz) =ep(z) = zw(y"(z)) - /0 w(y™(2))dz = eauB(z), (28)
that is, in each sector workers choose the same education as in the benchmark without occupational
choice. Hence, even though sectors may differ with respect to the quality of their jobs, workers’
competition for jobs makes each occupation look identical from the viewpoint of an individual worker.
In each occupation, a worker with ability = expects to choose the level of education e 4up(x) and
to be assigned to a job with quality y*(z). This shows that, each worker, independently of the

worker’s ability, is indifferent between occupations A and B, i.e.

Va(z) = Vs(x) = /Ow w(y*(2))dz = V(x), (29)

and is therefore willing to choose among occupations as specified in Step 1.

3.1 Opportunity

The above analysis sheds light on a question that has attracted considerable interest in the
literature on contests-selection. In this literature, models capturing the choice between alternative
contests have focused on the issue of sorting, trying to understand the conditions under which
contestants with higher ability will enter contests offering better “opportunity”. A lack of tractable
models capable of combining heterogeneous contestants with heterogeneous prizes has been a major
obstacle. However, Olszewski and Siegel (2016) have shown that the behavior of contestants in “large
contests” can be approximated by a model with a continuum of contestants. In fact by interpreting a
worker’s ability « as the inverse of a contestant’s (constant) marginal cost of effort and the function
w(.) as a contestant’s value for money y, our setting becomes a special case of their model. Our
results thus have more general implications for contest-choice in “large markets”. In particular, our
analysis allows us to derive a precise definition of “opportunity” that induces sorting in the sense
used by this literature when the number of potential contestants is large.

For this purpose, let us focus on the case of pairs of distributions which are absolutely con-
tinuous everywhere above y. Remember that y denotes the lowest quality job that gets assigned
to a worker under PAM. Let workers who choose positive education be denoted as active work-

ers. For active workers, the probability of joining occupation A under the equilibrium described in

13



Proposition 2 can then be rewritten as

h . ha(y™ (=)
Y () B . &l
haly (@) + his(y" (@)~ 14 2alo)

Note that y*(x) is increasing in x and the expression ¢/(1 + ¢) is increasing in ¢ for ¢ > 0. Thus,

ha(y)
hi(y)

and Y5|Ys > y be the random variables characterizing the quality of jobs assigned to active workers
in sectors A and B, respectively. Then, using the definition of Likelihood Ratio Order (Shaked and
Shanthikumar, 2007) we can state the following result:

P’ () is increasing in x if and only if the ratio is increasing in y for y > y. Let Y4|Y4 >y

Corollary 1. Suppose that the distributions of jobs, H o and Hpg, are absolutely continuous above
y. Then, for active workers, the probability of choosing occupation A is monotonically increasing in

the worker’s ability x if and only if Ya|Y4 >y dominates Y5|Yp >y in the likelihood ratio order.

Proposition 2 has shown that PAM arises in our model of occupational choice quite generically,
i.e. without restrictions on the distribution of jobs within each occupation. In contrast, Corollary 1
assumes those distributions to be absolutely continuous and describes the conditions under which
workers sort across the two occupations, in the sense that workers with higher ability are more
likely to enter the occupation with more “opportunity”. The corollary thereby clarifies the relation
between PAM and sorting in the sense studied by the contest-selection literature. It shows that when
occupations cannot be compared, in the sense of the likelihood-ratio ordering of their distributions
of jobs, then sorting is not necessary for PAM, and, in fact, would prevent its implementation. Note,
in particular, that when occupation .4 dominates occupation B in a weaker sense— for example,
in the sense of first-order stochastic dominance—then there exist situations where PAM cannot
emerge when the likelihood with which workers enter sector A increases monotonically with their
ability. Corrollary 1 thus offers an implicit definition of “opportunity” for which workers’ “sorting

in accordance with opportunity” becomes equivalent to positive assortative matching.

4 Stereotypes

Our analysis so far has focused on the relation between ability and opportunity as the main
driving force of workers’ occupational choice. Abstracting from other factors that potentially in-
fluence this choice allowed for the conclusion that workers’ competition for opportunity is powerful
enough to induce an efficient allocation of workers across jobs. In this section, we consider stereo-
types as a potential friction. Stereotypes are frequently named as a cause of occupational segre-
gation, referring to an unbalanced composition of labor-market sectors with respect to a worker-
characteristic, such as race or gender, that is orthogonal to ability. For example, Charles and Grusky

(2005) document large degrees of occupational gender segregation that persist even in countries with
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considerable efforts towards their reduction. Occupational segregation is a worrying issue in light
of evidence showing that race- or gender-differences in abilities—such as STEM-performance—are
negligible.

Stereotypes are norms, beliefs, or expectations about how individuals belonging to a specific
group ought to behave. It is, by now, a widely accepted view among economists that individuals
derive utility or disutility from adhering to or deviating from behavior associated with their identity
(Akerlof and Kranton, 2005). In this section we thus investigate the relevance of stereotypes as a
friction affecting occupational choice, by assuming that some workers, belonging to a specific group,
suffer a disutility from entering one of the two occupations.

Specifically, we now extend our model by assuming that, besides their direct utility U from
entering occupation i € {A, B}, given by (1), a share s € (0,1) of workers experience a disutility
from choosing one of the two occupations, say occupation A. For simplicity, we assume that the
disutility from entering occupation A is the same for all workers who experience it. More specifically,
we denote this disutility by (4 > 0 and assume that it is independent of the worker’s ability. We will
denote workers who experience the disutility as “constrained” and all remaining workers as “mobile”.
Throughout this section, every worker is thus characterized by a two-dimensional type: ability =z,
and whether the worker belongs to group C' (“constrained”) or M (“mobile”). Correspondingly,
functions that depend on a worker’s type will now have two arguments. For example, p4(x; M)
now denotes the probability of choosing occupation A for a worker with ability x from group M.
Whether a worker is constrained or mobile is assumed to be independent of the worker’s ability, or,
in other words, the distribution of abilities within each group is assumed identical and equal to the
overall distribution F(x) of abilities across workers.

To simplify exposition, our analysis in this section assumes that abilities are distributed uni-
formly, i.e. F(z) = z, and that the distributions of jobs across sectors H 4 and Hp are absolutely
continuous everywhere, except, possibly, at y = 0, where atoms are admitted to allow for the possi-
bility of “unemployment”. For all y € (0, 1), we will denote by h 4 and hg the corresponding PDFs.
Finally, we will focus on situations where PAM emerges from the sorting of abilities with respect
to opportunity as characterized in the previous section. Formally, we assume that above y = 0, the
two distributions H 4 and Hp can be ranked in the Likelihood Ratio Order.

Our first result shows that if the share of workers experiencing stereotypes is not significant
enough, then the presence of stereotypes does not alter the labor-market’s outcome, i.e. PAM

arises, just as in the absence of stereotypes:

Lemma 1. Let Ha Zrr He (He Zir Ha) If s < #fh)g(l) (s < limgyo hA(y*}(Lg)()yJ:i(LxB)()y*(m)))’

then PAM emerges as an equilibrium allocation. In the corresponding equilibrium, workers choose

education independently of occupation and as in the benchmark, e(x; M) = e(z;C) = eaup(x).

Constrained workers choose occupation B in accordance with stereotypes, i.e. pg(x;C) = 1, and
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mobile workers miz between occupations, by choosing A with probability

ha(y*(x))
[ha(y*(x)) + hs(y*(x))](1 - )

and B with probability pg(x; M) =1 — pa(x; M).

palz; M) =

€ (0,1), (31)

Note that in the equilibrium described in Lemma 1, the occupational choice of mobile workers
is sufficient to preserve PAM because mobile workers can adjust their behavior in such a way that,
for any given ability-type x, the overall share of workers in each sector coincides with the equilibrium

allocation of abilities in the absence of stereotypes, p% and pj , given by (30):
(1—=s)pa(z; M) =py(z) and s+ (1—s)pp(z; M) =pi(x). (32)

The upper bound on s in Lemma 1 arises from the requirement that p4(x; M) € [0,1] and the
observation that due to likelihood ratio dominance, p*(.) is strictly monotone. Note that when
stereotypes affect the dominating (dominated) occupation, the upper bound on s is determined by

the relative frequency of the most (least) productive jobs Z;‘((B (lim, 0 %)

Lemma 1 identifies conditions under which the existence of stereotypes has no effect on alloca-
tive efliciency. We will now turn our attention to the distortions that arise when these conditions
fail to be satisfied. In doing so, we focus on the more interesting case, where stereotype-induced
entry costs exist for the occupation offering better opportunities. This case is the more interest-
ing, because it induces constrained workers to trade off better opportunities against the disutility
from choosing an occupation subject to a stereotype. Formally, we assume for the remainder that
Ha ZLr Hp and s > #ﬁgg(l).

In preparing for this section’s main result it turns out to be useful to think about the allocation
of jobs that would arise if there was full segregation (FS) of workers—with all mobile workers
entering sector A and all constrained workers entering sector B—and within each sector, matching
was assortative. Denoting by y/ 9(z;s) the job obtained by a worker with ability = in sector
i € {A, B} under full segregation, and setting equal the mass of workers with ability above x with

the mass of jobs with qualities above yf"¥(z;s) in each sector then leads to
(1=s)(1—2)=1—Halyh (z;5)) and s(l—z)=1-Hp(ys"(z;5)) (33)
or, equivalently
yiS(xss) =H (s +x—sx) and yg°(2;38) = Hp' (1 — s + s). (34)

We now argue that under full segregation, high-ability workers get better jobs in sector A whereas

low-ability workers get better jobs in sector B. Formally, there exists a unique 275(s) € [0,1),
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possibly equal to zero, such that y5° (z; s) < yES(x; s) for all z € [0,2F9) and y£(2;8) > yE¥(z; 5)
for all z € (279, 1).

To see this, note first that the job that a worker with the lowest type obtains under full
separation in A is worse than y if and only if H.4(y%®(0;5)) = s < Ha(y). Similarly, the job this
worker obtains in B is better than y under an equivalent condition, i.e. if and only if Hi(yES(0;8)) =
1—s5>Hgp(y) =1—Ha(y). It follows that under full segregation, a worker with the lowest type
obtains a better job in B than in A, ie. y5%(0;s) < y59(0;s) if and only if s < Ha(y). In
contrast, workers with sufficiently high ability must obtain (weakly) better jobs in .4 than in B.
This holds trivially for the highest types, who obtain the best possible job, yis(l; s) = yis(l; s)=1,
independently of their occupation, and it remains true for workers with sufficiently high abilities
because

d

S0 (w58) = 5" (23 5) o1 =

1—s s hi(1)
) hs®) 0T ha) + he(D)

(35)

Finally, it follows from the fact that A dominates B in the likelihood ratio order that the derivative of
yh% (z;8) —yf S (z; 5) can change sign at most once, which shows that in our setting, the assumption
of likelihood order dominance amounts to a single-crossing property. It implies that there must exist
a unique critical type of worker 2% (s) € [0,1) with the properties stated above and our analysis
has shown that 2%(s) > 0 if and only if s < H(y). The existence of such a unique z(s) € [0, 1)
then allows us to define, for any given s > #—&L(l)’
occupation A that will play a critical role for our subsequent characterization of equilibrium:

a threshold ( 4(s) on the entry-cost of

1
Cao) = [, (wE ) - wh (s9) de (36)
zFS(s)
Proposition 3. Suppose that occupation A, where constrained workers experience disutility (4 due
to stereotypes, offers better opportunities, i.e. Ha Zpr Hg. Further assume that the fraction of
) . . . his(1)
constrained workers is sufficiently large, i.e. s > m.
outcome and distortions to allocative efficiency can be characterized as follows:

Then PAM cannot be an equilibrium

1. Segregation and Diversification: For (4 > ZA(s), all constrained workers segregate by
choosing occupation B in accordance with stereotypes. Mobile workers with high ability, x >
2f"5(s), choose occupation A offering better opportunity whereas mobile workers with lower

ability diversify by mixing between occupations with

haly*(z)) 1
haly*(z)) + hs(y*(z)) 1 — s

palz; M) = € (0,1). (37)

Diversification induces PAM for low-ability workers, i.e. y(z;C) = y(z; M) = y*(x) for
x € [0,259(s)], whereas high-ability workers, x € (x¥'5(s),1], obtain different jobs than under
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PAM: better jobs for the mobile; y(z; M) = H,'(s +x — sz) > y*(x), worse jobs for the
constrained, y(z;C) = Hg' (1 — s + sx) < y*(x). Distortions to PAM are experienced by all
workers, i.e. 25 =0, if and only if s > H.(y).

2. Assimilation: For (4 < C 4(s), constrained workers with low abilities x < T € (0,1) choose
occupation B whereas constrained workers with higher ability assimilate, by mizing between

occupations with

hi(y*(z)) 1 € (0,1). (38)

Pa(wi0) =1 =30 T hs(r @) 5

Mobile workers with high abilities, x > x € [0,Z), choose occupation A whereas mobile work-
ers with lower abilities diversify by mizing between occupations with pa(x; M) given by (37).
Assimilation and diversification induce PAM for high-ability and low-ability workers, i.e.
y(x; C) = y(x; M) = y*(x) for x € [0,2]U[T, 1], but distortions arise for workers with abilities
in an intermediate range, x € (x,T), where mobile workers obtain better jobs and constrained

workers obtain worse jobs than under PAM:

yz: M) = HZ (Haly" (@) — (1= s)(@ —2)) >y (2) (39)
y(z;C) Hy' (Mi(y" (7)) — 5@ - 2)) < y"(2). (40)

Under both, segregation and assimilation, the allocations of jobs y;(x) within each sector i € {A, B}

are assortative and supported by the educational choices

x
i) =) - [ wlu()ds e (CM). (1)
0
Finally, the threshold ( 4(s) is strictly increasing and converges to zero for s — #fh)g(l) implying

that, qualitatively, the labor-market outcome is as depicted in the example in Figure 3.

Proposition 3 characterizes the allocational distortions to PAM that arise from the presence
of stereotypes in the dominating occupation. When the disutility {4 associated with stereotypes in
occupation A is above the threshold ( 4(s), constrained workers segregate by entering occupation
B. Below that threshold, constrained workers with high abilities assimilate by mixing between both
occupations. Their assimilation has an important effect on the allocation of jobs. In particular,
assimilation enables PAM between workers with high abilities and jobs with high quality. Such
“matching at the top” is not possible when stereotypes are too strong, because for (4 > ( 4(s)
only mobile workers are willing to mix between occupations but mobile workers mix only when
their ability is low. Under segregation, either every worker gets matched with a different job

than under PAM, or there is only “matching at the bottom”. In summary, while diversification of
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mobile workers may help to induce matching at the bottom, it is only through the assimilation of
constrained workers that matching at the top becomes a possibility. Note that this feature is a
direct consequence of the fact that the likelihood ratio dominance of sector A over sector B induces

workers’ preference for occupation A over occupation 5 to be monotonically increasing in a worker’s

ability.
Ca
ZA(S)
Full
Diversification Segregation Assimilation
by by
el mobile workers constrained workers
with low ‘abilities with high:abilities
0.015 Y - < < <2 145552 54 50 5 54 55 52 2
0 : s ettt : s
0.3 1/3 .382 447

Figure 3: Characterization of occupational choice with stereotypes. The plot assumes
F(z) =z, w(y) =y, Ha = y*, and Hp = y. Distortions to PAM exist when the mass of constrained
workers, s, is larger than #ﬁh)s(l) = % Diversification of mobile workers induces low ability
workers to obtain the same jobs as under PAM. Assimilation of constrained workers induces high
ability workers to obtain the same jobs as under PAM. When stereotypes are sufficiently strong, i.e.
¢4 > 0.015, there exists a parameter range [s, 3] where neither diversification nor assimilation occur
and the labor market is fully segregated: all mobile workers choose the dominating occupation A
and obtain better jobs than under PAM whereas all constrained workers choose the dominated

occupation B and obtain worse jobs.
Proposition 3 also shows that full segregation between mobile and constrained workers can

arise as an equilibrium although only one of these groups of workers experiences a disutility from

stereotypes. When the fraction of constrained workers is sufficiently large, i.e. s > Ha(y), and
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stereotypes are strong, i.e. (4 > C 4, all mobile workers are driven towards occupation .4 due to the
exclusive presence of constrained workers in occupation B. Note that in this case, the distortions
that occupational choice induces to PAM are extreme, in the sense that not a single worker obtains
the job that he would be allocated in the benchmark without occupational choice. This makes
precise our statement from the introduction, that, in the presence of stereotypes, occupational
choice constitutes an obstacle for the efficient allocation of workers across jobs, and it shows that
the associated distortions can be significant. Under full segregation all mobile workers obtain better
jobs than under PAM whereas all constrained workers obtain worse jobs.

So what are the consequences of the allocational distortions characterized by Proposition 3
for workers’ utilities, in particular, for those experiencing stereotypes? One might expect and it
has been argued that those workers with the highest abilities are immune to the effects of stereo-
types, because jobs of the highest quality exist in both occupations. However, a straightforward

consequence of Proposition 3 is the following:

Corollary 2. Under the conditions of Proposition 3, stereotypes make constrained workers worse

off, no matter whether they assimilate or not, and the associated loss in utility,

aveo) = [ " (2)) — wly(z O))dz, (42)

1s increasing with a worker’s ability x. In particular, although constrained workers with high abilities
obtain jobs of similar or even equal quality as under PAM they suffer most from the presence of
stereotypes, because fiercer competition for these jobs induces them to spend more resources on

education, i.e. there exists & € [0,T) such that €;(z;C) > ¢*(x) for all z > Z.

Corollary 2 is a direct consequence of the fact that in the presence of stereotypes, there always
exists a non-empty subset of constrained workers who obtain jobs of lower quality than under PAM.
The corollary shows that while allocational effects might be restricted to constrained workers of
lower abilities, the consequences for utilities are universal, and, in fact, strongest for the workers
with the highest abilities. The reason is that constrained workers with high abilities face stronger
competition for high quality jobs which are relatively rare in the dominated sector and respond by
increasing their educational efforts. We further show in the proof of Corollary 2 that, under the
additional assumption that w(.) is concave, this increase in competition becomes amplified towards
the top, in that ¢;(x; C) — €*(z) is monotone increasing above a certain ability-level. However, we
also provide an example where ¢;(z;C) — €*(z) > 0 for all « € [0, 1], showing that the increase in

competition amongst constrained workers due to stereotypes may affect even workers of the lowest

type.
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Illustrative example

To illustrate the results in this section, we return to the example used in Figure 1 where
F(z) =, Hq = y?, Hs = y, and w(y) = y. Remember that in the absence of stereotypes,
competition for jobs induces PAM (Proposition 2), occupational choice is given by (p* (), pi(x)),

and workers choose education and obtain payoffs as depicted in Figure 1. Because haly) — 2y
hi(y)

is monotone increasing, H 4 dominates Hp in the likelihood ratio order, and it thus follows from
Lemma 1, that the same outcome emerges when the mass of workers constrained by stereotypes is
low, i.e. s < #ﬁlﬁ)&(l) = % For the remaining cases, s > %, the characterization of equilibrium
as described by Proposition 3 is depicted in Figure 3.

Segregation and Diversification. When stereotypes are strong, i.e. (4 > ( 4(s), all constrained
workers choose occupation in accordance with stereotypes by entering sector B. While diversification
of mobile workers with low ability may induce PAM at the bottom of the ability distribution, i.e.
y(x; M) = y(z;C) = y*(z) for all z < z = 1_?’8‘#, all workers with abilities higher than z get
different jobs than under PAM: better jobs for the mobile, y(z; M) = /s + (1 — s)z > y*(x); worse
jobs for the constrained, y(z;C) =1 — s + sz < y*(x).

1072
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_31 -1
(a) Job quality relative to PAM (b) Education relative to PAM

Figure 4: Strong stereotypes: Segregation and diversification. Changes in job quality (left
panel) and education (right panel) relative to the PAM-benchmark for mobile workers (green)
and constrained workers (red). Parameter values are s = 0.37 < Ha(y*) = $(v/5 — 1)* ~ 0.382
(solid) and s = 0.4 (dashed) and depicted is the case where (4 > ( 4(s). Note that for s = 0.37
diversification of mobile workers induces PAM at the bottom of the ability distribution whereas
for s = 0.4 mobile workers fully segregate from constrained workers who choose the dominated
occupation B in accordance with stereotypes in both cases.
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Because workers with the highest ability obtain similar jobs as under PAM, i.e. lim, 1 [y(z; C)—
y*(z)] = limy—1 [y(x; M) — y*(x)] = 0 and the associated utility gains or losses are monotonically
increasing with workers’ abilities (c.f. Corrollary 2), there exists an ability-threshold above which
constrained workers spend more on education, whereas mobile workers spend less (see Figure 4).

Assimilation. When stereotypes are weak, i.e. (4 < C 4(8), constrained workers with high
abilities * > T assimilate by entering both occupations A and B. These workers are willing to
incur the disutility (4 associated with stereotypes in exchange for the better opportunities offered
by occupation A. Assimilation induces PAM at the top of the ability distribution, i.e. all workers

with abilities © > T, obtain the same jobs as under PAM, no matter whether they are constrained

or mobile.
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Figure 5: Weak stereotypes: Assimilation. Changes in job quality (left panel) and education
(right panel) relative to the PAM-benchmark for mobile workers (green) and constrained workers
(red). Parameter values are (4 = 0.005 and s = 0.39 (solid) or s = 0.42 (dashed), respectively. Note
that, in contrast to the case of strong stereotypes depicted in Figure 4, assimilation of constrained
workers induces PAM at the top of the ability-distribution. Constrained workers with high abilities
are made indifferent between occupations because the disutility (4 from experiencing stereotypes
in sector A is exactly compensated by higher educational expenses in sector B.

Similar to the case before there may or may not exist diversification of mobile workers with
low abilities, leading to PAM at the bottom, i.e. for all workers with abilities z < x. Importantly,
z € [0,T), i.e. even when diversification and assimilation work together, there always remains a
non-empty interval of ability-types € (z,T) who obtain different jobs than under PAM, with
y(z; C) < y*(x) for the constrained workers and y(x; M) > y*(x) for the mobile. The thresholds
z and T are determined by the requirement that y(z;C) = y(z; M), y(z;C) = y(z; M), and
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Ca = fjw(y(z, M)) —w(y(z, C))dz, the latter guaranteeing that constrained workers with x > =
are indifferent between A and B and thus willing to enter both occupations. While T is increasing
in (4, x is decreasing, and both thresholds are decreasing in s. Figure 5 depicts how workers’ job
quality and education under assimilation compare to the PAM-benchmark. The exact allocations

expressions and the conditions, from which they were derived, are relegated to the appendix

5 Conclusion

This article uses a model of “contest-choice” to investigate the implications of workers’ com-
petition for jobs in a labor market consisting of two occupational sectors. A distinguishing feature
of our approach is that it poses minimal restrictions on the distribution of workers’ abilities and
the qualities of jobs in the two sectors, allowing for an in-depth investigation of the resulting al-
location of workers across occupations and jobs, an issue that is central for our understanding of
labor markets.

We have first argued that when workers make occupational choices solely based on the “op-
portunities” offered by the two sectors, then workers’ competition for jobs is powerful enough to
induce an efficient allocation of workers, resulting in positive assortative matching between workers
and jobs. Our theory offers a definition of “opportunity” that makes positive assortative matching
within a segmented labor market associated with sorting of workers across the corresponding occu-
pations. More specifically, we show that when sectors can be ranked—in the sense of likelihood-ratio
dominance—with respect to the quality-distribution of the jobs offered, then positive assortative
matching emerges because workers sort across occupations, in that a worker’s likelihood of choosing
the dominating sector is increasing in the worker’s ability.

In the second part of our analysis we have identified occupation-specific entry costs as a
potential obstacle for a labor-market’s allocative efficiency. Motivated by the idea that the high
degrees of occupational segregation found even in the most progressive labor markets could arise
from the existence of stereotypes, we have extended our model by allowing for workers to differ in a
characteristic that is orthogonal to their abilities but associated with stereotypes. We have focused
on the case where some workers are “constrained” in that they incur a disutility from choosing the
dominant occupation, while all remaining workers are “mobile”. Our theory allows for a complete
characterization of the distortions arising from the existence of stereotypes, in dependence of the
size of the group experiencing them and the size of the associated disutility.

When the group of constrained workers is sufficiently small, then independently of the disutility
constrained workers would incur, the mobile workers competition for jobs alone suffices to induce
PAM. Mobile workers then constitute the lube in the economy, and if there is enough lube, efficiency
is achieved by mobile workers mixing between occupations, and constrained workers avoiding the

disutility from stereotypes by exclusive choice of the alternative occupation. In contrast, when
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stereotypes are sufficiently strong and experienced by a sufficiently large group of workers, mobile
worker’s competition for jobs is not enough to guarantee the efficient allocation of jobs across all

workers.
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A Appendix: Proofs

A.1 Proof of Proposition 1

In what follows below, we proceed in several steps with the proof of Proposition 1.

Consider an effort profile
Eaup(z) =2 - w(yaus(z)) — / w(yaus(z))dz. (43)
0

This effort profile follows from the Envelope Condition.® We have the following result about this
effort profile.

Claim 1. €4y is an equilibrium of the effort choice game of the Grand Contest.

Proof. Define z as x : F(z) = Haus(y), i.e. the highest among the types, that get y in the
assortative allocation. Similarly, let T be such that F(Z) = limgy1 H 4us(9), so that T is the lowest

among the types, that get 1 in the assortative allocation. Rewrite € 4up as

P
favn(@) = [ (0l (@) = wlvas(=) d= (4)
Notice that because of our assumptions on H 4 and Hg (continuous and strictly increasing in (0, 1)),
H aus is continuous and strictly increasing for y € (y,1). This means that y*(z) = H ' z(F(z))
is globally continuous and, moreover, it is strictly increasing in z for « € (z,7) and stays constant
for z € [0,z) and x € (T, 1]. Thus, € 4up(z) is also globally continuous, strictly increasing in z for
x € (z,T) and is constant for z € [0,z) and z € (7, 1]. Notice also that if z > 0 and T < 1, the
range of efforts that occur with probability one in candidate equilibrium is [ 4up(z), Eaus(T)] =
[0,Z - w(l) — foiw(y*(z))dz] If it is the case that z = 0 (T = 1), the point e =0 (e =7 - w(1) —
fofw(y*(z))dz) would be excluded from the support of all possible efforts.

The payoff from following the candidate equilibrium is V(x) = fox w(y*(2))dz, which is strictly
positive for > x. Let us check that for all types « € (0, 1), there does not exist profitable deviations
from € 4up(x) when everyone else is following € 4 p(z). Start with types = € (z,Z). Consider the
deviation level of effort € € Ry. Deviations to effort levels outside of the candidate range, i.e.
€ ¢ [auB(z), € auB(T)] are strictly dominated. € < € 4up(x) leads to zero prize and weakly negative
payoff, whereas the candidate payoff is strictly positive. &€ > £ 4,5(T) leads to prize 1, but so does
the effort level € 4u5(T), but for a strictly smaller cost. For a deviation é € [€ 4 p(z),éaus(T)], there
exists a type & € [z,T] such that £ 4 5(Z) = €. That is, computing the payoff from following the
candidate effort function but mimicking Z is the same as computing the payoff from the deviation

é. Let us write down the net gain from such deviation (below, V' (z,%) denotes the payoff from

6See, for example, Milgrom and Segal (2002).
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following the effort profile € 45 but “mimicking” type # and everyone else playing & 45 truthfully):

Dig )= V(z) =z - wu (%)) — 7 - wy (% Jvw *(2))dz — $w *(2))dz =
VP (e, &) — V(x) (4" (@) <y<>>+/0 (v (2))d / (v (2))d (45)
- / (w(y* (2)) — wly* () dz, (46)

which is negative, regardless of whether £ > x or < x, since y* is increasing. Thus, there are no
profitable deviations from & 45 for types z € (z,T).

Consider now a type = € (0,2].7 If x follows & 405, they receive the prize 0. In order to
receive a strictly positive prize, they would need to deviate to effort € > € 4up(z) which amounts

to emulating some type & > x such that & 4u5(Z) = €. We have that

VP(2,7) = V(z) = 2 w(y* (7)) — £aus(T) — 0 <z w(y* (7)) — faus(@) = (47)

= sy (@) — Gl @) + [ wly(2)dz = (48)
-/ " (w(y*(2)) — wly* (@) <0, (49)

which implies there are no profitable deviations for x € (0, z].
Finally, consider a type = € [z,1]. Any such type receives the highest-valued prize of 1 if they
follow € 4up. Their payoff is then

T

V(z)=(x—-7) w(l) +/ w(y*(z))dz. (50)

T

Exerting efforts higher than &4,5(T) leads to the same prize but at a higher cost. Thus, only
deviations to € < & 4u8(T) need to be considered. They are equivalent to emulating some Z < T

such that € 4,5(Z) = €. As before, we have

VO(0,) = V(o) = o 0y (@) — favs(®) - (@ 7) - w() - [ wlrEd= (51
— ol @) - 5wy (@) - [ el () (52
= [t @) - w2z <o (53)

This completes the argument that there are no profitable deviations from é 45 for any type = €
(0,1). O

7If it is the case that x = 0 so that (0, z] is empty, it is vacuously true that = € (0, z] have no profitable deviations.
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Our next step will be to argue that almost all types € (0,1) follow the effort profile € 405
in all equilibria. To do that, we first need to generalize the notion of equilibria to account for the
possibility of Mixed Strategy Equilibria. Let the Mixed Strategy ce be a mapping from the types
to random variables with non-negative supports: oe : (0,1) — A ([0,+00)). Working with oe is
equivalent to working with a famility of CDFs of efforts for each type, {Gz(e)}ze(0,1) such that

G(e) = P{oe(x) < e}. (54)

Given a family of such CDFs, we can define a global distribution of effort through its CDF as

1

Tpe(e) =P{oe(X) < e} = /0 G (e)dF(x). (55)

This way, I';c(e) is the probability that the effort level of a randomly drawn contestant will not be
greater than some effort level e, given that everybody follows the profile oe.

Then, Mixed Equilibrium of the effort choice game in the Grand Contest is a profile oe
(equivalently, a family of CDFs {G4(e)},¢(0,1)) such that for every type x € (0,1), the support of

the random effort, given by G (e), is contained within the set
argmax{z - w(H (Tye(e))) — e} (56)

The fact that the set of maximizers of the above objective is non-empty for every z follows
from the fact that there exists an equilibrium that we have established above. In that equilibrium,
Gz(e) = {éaup(z) < e}. We are now ready to state and prove the result regarding the essential

uniqueness of the equilibrium we have previously considered:
Claim 2. In all Mized Equilibria, G;(e) = I{é aup(x) < e} for almost all x € (0,1).

So, effectively, almost everyone’s equilibrium strategy is pure.

Proof. Consider an arbitrary Mixed Equilibrium given by some {G(e)}ze(0,1) and the correspon-
dent T, (e).® Let us look at the objective function of a contestant with type x, given that everybody
else is following {G,}:

u(z,e) =z w (Hy z(T)) —e. (57)

We are interested in the set of maximizers of the above expression with respect to e and how such

8From here until the end of the proof, suppress the subscript oe.
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sets evolve with . Formally, we are interested in F(z) such that

V(z) = eseuRp u(z, €) (58)
E(z) ={e:u(z,e) =V(z)}. (59)

That E(x) is not empty follows from the facts that we study the Best Response to equilibrium,
and an equilibrium exists. Let us check that the conditions of Theorem 4 of Milgrom and Shannon
(1994) are satisfied and we can apply the Monotone Comparative Statics result. Indeed, u(x,e) is
trivially quasi-supermodular in e, as a function of e, u(x,.) is univariate. Moreover, u(zx, e) has the
single crossing property in (z,e). To check that, consider ' > 2" and ¢’ > ¢”. If it is the case that

u(z”,e’) > u(x”,e"), which can be rewritten as

x”w(?—[;bB(F(e’))) —e > x”w(’H;le(F(e"))) —e (60)
— (61)
2" (w(H () — w(H s (")) > € —¢”, (62)

then, we have that u(z’,e’) > u(z’,€”), as

o' (w(H3p(0(€))) — wH [T (E")) > 2" (w(HZ(T(e) — w(H i) > — ' =
(63)

x’w(H;bB(F(e’))) —e > x’w(H;bB(F(e”))) —e. (64)

Furthermore, u(z”,e’) > u(z”,e”) implies u(z’,e’) > u(z’,€e”), as under ¢’ > €’ it cannot be that
u(z”,e’) = u(a”,e”). Thus, using the results of Milgrom and Shannon (1994), we have that F(z) is
monotone non-decreasing in x in the set sense. This means that for 2’ > 2"/, the largest element of
the union F(z') U E(2") is contained in E(2’), and the smallest element of that union is contained
in E(z”). Thus, the set of maximizers is increasing with respect to type.

Now let us argue that E(x) is a singleton for almost all € (0,1). Check that conditions

of Theorem 2 of Milgrom and Segal (2002) are satisfied. Indeed, f(.,e) is a linear function (as a
Ou(z,e)

ox -
w(H 4 5T (€))), hence, |u(z,e),| < w(l) for all z and e, with w(1) being a constant, thus, an

function of z) for all effort levels e, which makes it absolutely continuous. Moreover,

integrable function. Furthermore, u(.,e) is differentiable (in type z) for all e and E(z) is non-
empty for all z. Altogether, we can apply the results of Milgrom and Segal (2002) and state that

given equilibrium {G,}, for any selection *(z) € E(z),

Vi = v+ [ PETE e - [uindyre o (65)
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Suppose now that for a subset X C (0,1) of talent types, it holds that E(z) consists of at least two
distinct elements, €' (z) and €%(x), e'(z) > €2(x). Then, there is an interval (z!,z'7) ¢ X such
that for every type & inside (z!, 1), it also holds that !(#) > £2(#). From the envelope condition
above, it should hold that H ! 5(I'(e!(2))) = H ' 5(T(e3(%))), = € (v!,2'T). Let us write down
the payoffs of type 4 from £!(2) and £2(2) and remember that they should coincide:

u(@, e (7)) = & wH (0 (7)) — ' (2), (66)
u(#,6%(8)) = & - w(H 3 p(T(E*(2))) — £%(2), (67)

from which we get the contradiction, since we agreed that £!(#) > £2(#). Thus, E(x) is a singleton
for almost every z, so we can write E(z) = {e(x)} where £(z) is a weakly increasing real-valued
function of z.

So far we have established that in any equilibrium, {G,(e)} = {I{e(z) < e}} for almost any
x. Since (x) is weakly increasing, any equilibrium should be assortative. So, in any equilibrium,
the prize that type z gets is y*(z) = H 1 5(F(z)) a.e. in z. Then, the envelope condition would

pin down e(x) to be é4up(x) for any equilibrium ¢ a.e. in x, which completes the proof. O

A.2 Proof of Essential Uniqueness in Proposition 2

Before we begin with the actual proof of essential uniqueness in proposition 2, we state and

prove some subsidiary claims that will be useful.

Claim 3. All within-contest equilibria allocations are assortative.

Proof. Consider contest ¢ and let us take a look at the Best Response set of an arbitrary contestant

with type x given their perceived distribution of efforts in ¢ \ilm (é):

E(z) = {argmeax{:n w (H;l <1 - /H{e < é}d@i,m(é)» - e}}

We would like to argue that F is non-decreasing in = and is a singleton. We can apply the steps

we took in the proof of Lemma 2 if we replace u(z, e) with

u(z,e) =z - w (H;l <1 - /H{e < é}d\flm(é))> —e.

Indeed, we have that u(z,.) is quasi-supermodular and wu(z, e) satisfies single crossing. Thus, E(x)
is non-decreasing in the set sense. Applying again the results of the Envelope Theorem, we also
conclude that E(x) is a singleton. Best Response to any perceived distribution of efforts is a non-
decreasing singleton. Thus, in equilibrium, in both contests, higher types exert higher efforts and

win higher prizes a.e. in z. O

29



Due to Claim 3, in every equilibrium,

- there are two, potentially different, contest-specific single-valued non-decreasing effort func-
tions, €;(x), i € {A, B};

- the contest-specific consistent perceived distributions of efforts are given by
A 1 . 1
Vaal6) = [ Heale) < paleldz and (@) = [ Hea(e) <30 - pae)dz (69
0 0

- almost every type = expects to win, with probability 1, the contest-specific prizes y(x) and

yg(x) defined as
1 1
uale) =15 (1= [ pa)ar() and wsto) =25" (1= [ 0= paDar ) )5 (09
- contest-specific payoff functions V4 (x) and Vg(x) are given by

Va(z) = /Ow w(ya(z))dz and Vi(z) = /033 w(yp(z))dz. (70)

Va(z) and Vi(x) are continuous and increasing.

Moreover, we can make the following statement about the payoff functions:

Claim 4. In all equilibria, V4 and Vi are convex functions.

Proof. In the previous claim we have established that x! < 2?2 implies y;(z') < y;(2?), i € {A, B}.
Let us show that V;(xz) satisfies midpoint convezity, i.e. V1,22 € (0,1), 21 < 22 it holds that
1+ 1 1
V(M) < GVt + i)

We have that

2 z1+wo
2
and
xr1+x zlyz
V(E52) v = [T et (72)
T
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Since x > 32 > 2y, y;() and w() are both non-decreasing, it holds that

x)+xo
2

x2
Lo wnds> [T wln)e (73)
z1tes -
Thus, V;(z2) — Vi(£522) > Vi (2£22) — Vi(z1), or, $Vi(z1) + 2Vi(ze) = Vi (2£22) | as desired.
V; is continuous and, therefore, measurable. A measurable midpoint convex function is convex,
a result due to Blumberg (1919) and Sierpinski (1920). O

Below is the proof of essential uniqueness.

Proof. Suppose there is a measurable subset X C (0,1) with non-zero measure such that

ya(r) # ys(z), and ya(x) # y*(z)

for all # € X. Consider an open interval (z, ) C X. Note that if VA( ) = Vi(x) for all z in some
open interval z, T, it follows that dv"‘(a:) dVB ,Vz € (z,7). Since ¢ (1) =yi(x), ya(r) # ys(x),
Vo € (z,%) implies Vy(x) # Va(x), Vx € (z, ) By continuity of both V“ we can find a non-empty
interval (z, %) C (z, ) such that either V4 (z) > Via(z), Yz € (z,%), or Va(x) > Va(z), V € (2, £);
and one of the following holds:

(i) Va(z) =Vp(z), Va(@) = Vp(z), 0 <z, & < 1;
(i) Va(z) =Vp(2), 2=0,2 <1
(itd) Va(z) =Vs(z), 0<2, & =1;

(iv) z=0,%=1.

Assume, without loss, that V4 (x) > Vg(z), V € (z, %), and consider the above four cases in turn:

Case (a) V(x) =Va(x), Va(X) = Vp(X), 0 < x, X < 1: Since Va(z) > Vi(x), Vz € (2, ), we

have in that interval V(z) = pa(x)Va(z) + (1 — pa(2))Va(z) = Va(z) = pa(xz) = 0. Hence, there

is no type in (z, &) that joins contest B. As a result of no one joining B, and because equilibrium

allocations are assortative, yp(z) = yg(x), Vo € (z,%]. Thus, the derivative of Vg is constant in

[x,Z]. Since Vi crosses V4 from below at &, and V4 is convex, so its slope is non—decreasing, it

must be that w(yg( ) > w(ya(z)), z € (x,%). Thus, we have Vg(z) = f ))dz >
f ))dz = V4 (z), for x € (2, &), a contradiction.

Case (b) V(%) =Vp(X), x =0, X < 1: Note that V4(0) = V(0) = 0. Thus, we can arrive at

the contradiction following the same steps as in the previous case.
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Case (¢) V.a(x)=Vp(x), 0 < x, Xx=1: This case implies that no type above z joins contest
B. For z € (x —¢,x), € > 0, either there is € such that Va(z) = Va(z), Vo € (z — €, 2), or there
is no such e. However, having considered cases (i) and (i), we can exclude the latter possibility.
Thus, V4(z) and Vg(z) coincide for some open interval below z, and so do their slopes, and hence,
ya(z) =yp(x), z € (r—€,2). So we have that prizes that types above  would get in B are strictly
lower than the prizes they get in A, even though the prizes coincide for types (z — ¢, z). Recall that
both distributions of prizes have full support and the highest type joining B is awarded the highest

prize there, valued at 1. This contradicts z < .

Case (d) x=0,%=1: This case implies that no type joins contest B. Then, any agent = < T,
who would choose to join B would be awarded the highest prize 1 exerting any infinitely small effort,
leading to payoff close to zw(1) which would be strictly greater than V4 (z) = zw(ya(x)) — ca(x).
This observation contradicts the fact that every type weakly prefers joining contest A. O

A.3 Proof of Proposition 3, part 1, case 2 =0

Let us check that the profile stated in Part 1 of Proposition 3 for the case s > H4(y) is an
equilibrium. To achieve that, check that there are no profitable deviations by any talent type =
of any participants subgroup, constrained or mobile. Note that, fixing the behavior of others, if a

type-x contestant joins A, the mass of participants with a higher talent in A would be

/ (1— ) f(2)dz = (1 )(1— ). (74)

Hence, in an assortative allocation, type = contestant would get prize § such that 1 — H4(§) =
s(1 —x), since 1 — H 4(§) is a mass of prizes in A more valuable than §. Since we know that an
assortative allocation can be supported in equilibrium by the effort profile that follows from the
envelope condition, we get that e 4(x), as expressed above, is indeed an equilibrium effort profile
that supports the assortative allocation. Applying the same steps to contest B, there, the mass of
participants with a talent higher than « would be f; sf(z)dz = s(1—xz). The assortative allocation
would yield to z the prize g such that 1 — Hp(§) = (1 — s)(1 — x), which is supported by the effort
profile e5.

We need to check that the mobile participants do not want to switch to B and the constrained
participants do not want to switch to A.

Recall our assumption that H 4 =g Hp. Our first goal is to show that the mobile contestants
don’t want to switch from A to B because ya(x) > yp(z), Vo € (0,1). As we proceed, we need
to consider three cases: (i) #;'(s) > 0 and Hz'(1 — s) > 0, there is no unemployment under full
segregation; (i7) ’H;‘l (s) > 0 and Hgl(l — s) = 0, there is unemployment in occupation B under

full segregation;
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Start with case (¢). Consider first the positions that type z = 0 would get in the two occupa-
tions. In occupation B, it is going to be the position Yp such that 'HB(QB) = 1—s, and in occupation
A -y, such that Ha(y ,) = s. If the PAM allocation was achievable, type z = 0 there would have
been getting the position y such that H4(y) + Hs(y) = 1. Let us show that Y, > Y >Yg Since
we have assumed that s > H(y), we have HA(QA) > Ha(y) and, hence, Yy >y Also, since
Haly,) +Hs(y,) = 1, combined with the facts that Ha(y) + Hs(y) = 1 and Haly ,) > Ha(y),
it must hold that Hp(y,) < Hs(y), from which it follows that y, <y.

In order to obtain the position valued as y " in occupation B, the type of the contestant
must be higher than the one, which obtains y 4 in A. Let us define an auxiliary function D(y) on

y € [y 4, 1] as follows:

Hp(y) —(1—s) Haly) —s

s 1—s

D(y) = z5(y) — zaly) = ; (75)
that is, D(y) is the difference between the types that obtain prize y in contest B versus in contest
A. We know that D(y ,) > 0 and that D(1) = 0, because it is the type 1 that obtains the prize 1
in both contests. We have that
hs(y)  haly) _ haly) (hs(y s
Dy 1) haty) _ hatw) (hs(w) |

S 1—s s

haly) 1-s (76)

Since H 4 Z1r Hp, the fraction hg(y)/ha(y) is decreasing. Thus, D’'(y) can only switch sign once,
and if it does, it goes from positive to negative, as y increases; or D’(y) can be negative throughout
ally € [y e 1]. This implies that D(y) can either be first increasing and then decreasing, or it can
be monotonically decreasing. Altogether, we have D(y) > 0 for y € [y " 1]. Thus, getting the same
prize in contest B requires a higher talent than in contest A, which is equivalent to saying that the
same talent type would get a higher prize in A than in B. Hence, the mobile contestants prefer

contest A, since

Vato) = | " w(ya(e))dz > / " w(ys(2))dz = V(). (77)

As for the constrained workers, they cannot benefit from switching from B to A because the entry

cost to A is too high, even for the most talented workers:

Vo) = Vile) = [ (a2 - wlus))d < [ (wla) - wls@) d < Ca (79
Continue with case (i), H;'(s) > 0 and Hz'(1 — s) = 0. It follows that the lowest-paying

position that is allocated in A is positive, y e 0, while the lowest position in B is zero, Y = 0.

Hence, Yu> Yy 85 before, and the rest of the proof carries out as in case (7).
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Finally, note that there cannot be unemployment in A under full segregation and the assump-
tion that s > H4(y). If there is no unemployment under PAM, y > 0, it implies there cannot
be unemployment in A. If there is unemployment under PAM, y = 0, the assumption s > H 4(y)
implies that the amount of workers in A, 1 — s, is smaller than the amount of positive-paying

positions in A, 1 —H 4(0).

A.4 Proof of Proposition 3, part 1, case z/9(s) > 0

Before starting with the proof for that case, we state and proof two auxiliary results, which
will be useful with equilibrium characterization. In the claim below, we argue formally that there
is a threshold type & (and a correspondent position §) such that the mobile workers are indifferent
between the two occupations if their types are below & and join B exclusively, if their types are

above that threshold.

Claim 5. Suppose Ha Zrr Hp and s € (#—&E?g(l)’%v“(g))' Then, there exists a unique

&€ (0,1) such that ya(d) =H (s + (1 —8)2) = yp(d) = Hz' (1 — s + s2).
Claim 5 above says that, under specified conditions, there is a threshold type Z such that, if

all the mobile workers above & were to join occupation A and all the constrained ones - occupation

B, & would get the same position in either of A and B.

Proof. Let us argue that under #ﬁgg(l) < 58 < Hu(y), there must be exactly one intersection of

ya(r) =H (s + (1 — s)z) and yg(x) = Hz' (1 — s + sz).? This is also equivalent to showing that
function D(y) admits a value of zero for some y < 1, where D(y) is as previously defined in (75) of
the proof for the case of To = 0. Consider a talent type x = 0. If all mobile workers chose A and all
constrained workers chose B, a zero talent type would receive the position y A such that H 4 (y A) =s

in A and the position Yg such that Hp (QB) =1—sin B. Since H4 (yA) + Hp (yg) =1 and
Haly) + Hp(y) = 1, but Ha(y) > s, it must hold that y , <y < y,. Thus, a zero talent type
would be allocated a higher position in B than in A under full occupational segregation. In order
to get position paying value Y,z I occupation A, a worker must be of type strictly greater than

0. Thus, D(QB) < 0. Note also that D(1) = 0 (since in both occupations, only type 1 would get

., h h s . (1
position 1). Check that D'(1) = ““5(1) (hjg)) - 1_8) < 0 under the assumption of s > W‘f‘h’;(l).
his(y)

) is decreasing, D’(y) can only change sign at most once, and if it does, the sign changes

from positive to negative. Let § € (y,,1) be such that D'() = 0 Thus, there exists a unique y* in

Since

(Y5, 9) such that D(y*) = 0. Then, the correspondent z* follows as

oo M) (A —s)  Haly") —s
s 1—-s5

(79)

9Recall that y is defined as y = H;‘SJB(O).
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Claim 6. Suppose H4 7 pr Hp and s € (h’si(l) HA(Q)). Then, for & defined in claim 5, it

ha(l)+hp(1)’
hi(y*(2))
holds that ha(y* (%)) +hs(y*(2)) > s

What claim 6 implies, is that if mobile workers above & participated in A exclusively, while

the constrained ones in B exclusively, the PAM allocation could still be achieved for workers below

# by the mobile workers mixing between A and B with an appropriate probability.!?

Proof. Consider two functions, x4 (y) and xz5(y):

_ Haly) —s

raly) = AL =2, - (50)

Taking the derivatives of both functions with respect to y and evaluating them at y*, we have

dza(y) _haly’)  dzs(y) hi(y*)

= 5 = . (81)
dy y=y* 1—s dy — s
Since D(y) crosses zero from below at y* (as per proof of claim 5), D'(y*) = dm%y(y) -
y=y*
da:;;%y(y) > 0, which means that hg(y*)/s > ha(y*)/(1 — s). The latter inequality can be
y=y"*
re-arranged as
ha(y*(2)) + hs(y*(2))
as desired. Note that another way to write the above inequality is
A haly(2)
palz) = A —~— <1l-—s, 83
D= @) + s @) )
O

Proof of of Proposition 3, part 1, case x'%(s) > 0: From claim 5, we know that under the
conditions, stated in Proposition 3, part 1, there is a unique # € (0, 1) such that H ;' (s+(1—s)&) =
Hy'(1 — s+ s&). This value of & is the function 27%(s) stated in Proposition 3.

Suppose that all workers follow the profile, as the one described in the proposition. That is,
the constrained workers always join B with probability one, while the mobile ones above & only

join A with probability one and those below Z are indifferent between A and B and join A with

*

ha(y*(z))
(ha(y*(z))+hp(y*(2)))(1-s)

ONamely, pa(z; M) =
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probability

ale) = ha(y*(x)) .
(ha(y*(x)) + hp(y*(x)))(1 - s)

It holds that (1—s)f4(2) = pa(z), whete pa(z) = ha(y*(2))/(ha(y"(2))+ hs(y* (2)))- Since y* (2)
is increasing in x, as well as ha(y)/(ha(y) + hp(y)) is increasing in y, it holds that both p4(z)

(84)

and p4(z) are both increasing. It follows from claim 6 that p4(Z) < 1 — s and hence, p4(2) < 1.
Therefore, we only need to check that p4(0) > 0 to make sure that p4(z) takes appropriate values
for z € (0,2). But the former follows from h4(y) = 0. Overall, we have pa(z) € (0,1), z € (0,Z).

Let us now attempt to establish, which position would an arbitrary worker get in an assortative
allocation if all other workers followed the above profile.

Consider first a contestant of type > &. In occupation A, he would get y.4(z) such that
1-Ha(ya(x)) = (1—s)(1—=z), while in occupation B, he would get yg(x) such that 1 —Hp(yg(x)) =
s(1 — x). Note that y4(1) = yp(1l) and ya(Z) = yp(&). Let’s show that ya(z) > yg(z), for
x € (Z,1). Following the steps we took in previous proofs, let z4(y) and zg(y) be the types of
the workers, joining A and B respectively, that would get allocated the prize y € (y*(&),1). Let,
also, D(y) = w5(y) — 74(y). Recall that D'(y) = 2AW x (2B — 22)  Since hp(y)/ha(y) is
decreasing, D’(y) can take a value of zero at most once in y € (y*(&),1). Since D(y*(£)) = 0 and
D(1) = 0, it must be then that D'(y*(£)) > 0 and D’(1) < 0. Thus, D(y) > 0 for y € (y*(£), 1),

which means that in order to get the same-paying position in B as in A, a higher type is required.

The latter is equivalent to saying that the same type would get a better position in A than in B,
or, ya(#) > ys(r), 7 € (3,1).

Let us now focus on the prizes that a type z < & would get in either contest, keeping in
mind that the type & gets the same prize y*(Z) in both A and B. In occupation B, for type = the
correspondent prize yp(z) follows from

ol

His(y* (8) — Has(ys(x)) = / (s + (1 - s)ps(2))dz. (85)

x

Using the fact that s + (1 — s)pp(z) = p(x) = hp(y*(x))/(ha(y*(z)) + hs(y*(x))) and that for
y*(z), in current setting it holds that F'(z) = Ha(y*(z)) + Hp(y*(z)) — 1, we can transform the

integral on the left-hand side of the above expression as

s

/m (54 (1— 8)ps(2))dz = /m " ps(2)dz = /z : - (hzzii(;i)(y*(z))dz _ (86)

y*(2)
= [ e = Al @)~ Hsty' @) (57)

where we changed the variable of integration from z to y*. From Hp(y*(Z)) — Hp(ya(x)) =
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Hp(y*(£)) — He(y*(x)), we have that for z < &, it must hold that yg(z) = y*(z). Repeating the
same steps for y.4(z), we would get that y4(x) = y*(x) for workers x < & who join A.

Summing up, we have that for the above profile, in an assortative allocation within each
occupation, types below & would get y*(z) in each occupation, and types above & would get y4(x)
in A and yp(x) in B such that ya(x) > ys(x). The assortative allocation is supported by the
education efforts which follow from the envelope condition and which are increasing due to the
increasing nature of the allocation. The fact that the mobile workers are indifferent between .4 and

B for z < 7 follows from
/0 w(ya(z))dz = / wys(z))dz = / w(y” (2))dz. (35)

The fact that they prefer A for x > & follows from

/0 w(ya())dz = / w(ya(z))dz+ / w(ya())dz > / w(ys(z))dz + / w(ys(2))dz.  (89)
=[Fw(ys(z))dz

The fact that all types of constrained workers prefer A follows from the fact that they would need
to bear positive entry costs (4 in A to have the same net utility as in B if they are below &. The
constrained ones above Z prefer B because the most they can gain by switching to A is still less
than (4, by the condition that Ca > [, (w(H; (s + (1 — 5)2)) — w(Hz' (1 — s + s2))) d=.

A.5 Proof of Proposition 3, part 2

Let us define an auxiliary threshold:

e e @) ; hs (5" (0)
2i(s) = {z:s = mm@mseen! 18 < mmoy o (90)
. hs (y” (0))
0 I8 2 5w o) s o)

By (z))
z))+hs(y*(
given H 4 ZLr Hp, and achieves its maximum at z = 0. Now, consider an auxiliary profile such

27 (s) is uniquely defined and weakly decreasing in s, because hA(y*’Z ) is decreasing in x,

that above some type Z¢, there is PAM and below Z¢, there is segregation with C-workers joining
B and M-workers joining .A. Then, assuming assortative matching within each occupation, the

allocations below T follow from

Haly™(zc)) — Halyalz)) = (1 - s)(Tc — ), (91)
He(y" (Zc)) — Heys(z)) = s(Tc — x), (92)
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or, equivalently

ya(z) =Hi (Haly* (@) — (1= s)(@c — ), (93)
ys(z) = Hg' (He(y*(Tc)) — s(Te — ). (94)

Claim 7. Let Tc > x7(s). Then, either y4(x) = ys(x) for all z € [0,T¢), or, there exists a unique
T € (0,27(s)) such that ya(x) < ys(x) for v < Tpr and ya(x) = ys(x) for x € (Tar, To)-
To see, why the above claim is true, consider a modified difference function, analogous to (75),

but now defined for the auxiliary profile currently under attention:

Haly"(zc)) —Haly)  Hs(y"(Tc)) — Hsly)

1—s s

D(y) = z5(y) —zaly) = (95)

As before, D(y) measures the talent-differential between two workers obtaining identical jobs in
sectors A and B. Note that by construction D(y*(Z¢)) = 0. Moreover,
haly(@o) | hs(y*(Tc)) _ haly*(Tc)) (hsly*(Tc)) s
ly=y*@e) = — — + = = — ) <0, (96)
1—s haly*(zc))  1-s
which follows from Zc > 2, the definition of 2T, and the fact that hg(y*(z))/ha(y*(x)) is decreas-
ing. Thus, ya(z) > ys(z), for all = slightly below Z¢. Following the same logic as before, we thus

D'(y)

S S

have that either ya(x) > yg(z) for all z < Te, or ya(x) and yg(x) cross exactly once, so that

Tpr > 0 is given implicitly as the unique solution to the equation
ya(@m) — ys(@nm) = 0. (97)

In the latter case, T is decreasing as a function of Z¢ and for T = «1, the two thresholds become
equal, i.e. Tpy = Te. This follows from the fact that (97) is increasing not only in s but also in

o for all To > 2t because

. VLS
(y““(m’)whA(w))( Go) + helr @) )>>° (%8)

;o 1 hs(y* (zc)) s
(y‘*(x”mc‘hms(x))( @) + oy (50)) )go’ (%9)

where we have used that (y*(Zc))s. = [ha(y*(Tc))+hs(y* (Tc))] ' It is also useful to notice that

FS(S)

Ty =2 when T = 1.
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Claim 8. For any (4 < ( 4(s) there exists a unique pair of thresholds (Tpr, Tc) such that

- [ " (wlyale) — wlys(z) d, (100)

T M

with ya(x) and yg(x) as defined in (93)-(94).

To see why this claim is true, note that our analysis above implies that an increase in T¢
strictly increases the integral in (100) because it raises the positive-valued integrand while reducing,
as shown above, the lower limit of integration. The range of that integral is given by (0, 4(s)). This
means that there exists a unique value Z¢ € (', 1) for which the integral equals 4, which together
with the previous claim proves the existence of a unique pair of thresholds (Z;, T¢) satisfying
(100).

We now consider a second, modified, auxiliary profile, featuring PAM below Z); and PAM
above T, while between the two critical values of talent, the allocations are as in (93)-(94). This
profile can be supported, as an equilibrium, by the mobile workers mixing appropriately below T,
and the constrained workers mixing appropriately above Z¢. The incentives of workers are readily
satisfied, because workers with talents below T,; or above T¢ are indifferent between sectors A and
B by construction of the auxiliary allocations and given equality (100), whereas workers with talents
between T); and To strictly prefer sector A if they are mobile and B when they are constrained.
It only remains to check that the entry-probabilities necessary to induce PAM below Zjp; or above
Zc lie in [0, 1].

When Zj; > 0, then for all z < Ty, PAM requires mobile workers’ probability of entering .4
to satisfy p% (z) = (1 — s)pa(x; M) or

ha(y*(z)) 1
ha(y*(x)) + hs(y*(z) 1 —s

palz; M) = (101)

Since the likelihood ratio is increasing, and z < T, < T, it follows, from the definition of ' that

ha(y™(x)) < ha(y*(z'(s)))
ha(y*(x)) + hs(y*(z)) — haly*(z1(s)) + hs(y*(27(s))

=1-s, (102)

and hence py(x, M) € (0,1). Similarly, for all z > T, PAM requires the constrained workers’
probability of entering A to satisfy p*y(z) = (1 —s) + spa(a; C) or

pa(z;C)=1— ~. (103)
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Since the likelihood ratio is decreasing and 2t < Ze < x it hold that

hi(y*(x)) hs(y*(27(s)))
)

haly*(x)) + hs(y*(x)) < s, (104)

which implies p4(z,C) € (0,1).

The final remarks are regarding the condition for Z,; being equal to zero. Note that Tj; <
x'(s). Thus 2f(s) = 0 is a sufficient condition for Zp; = 0 (the former happens when s >
hA(y*}Eg)()ﬂ}(l(;)()y*(o))). However, Tp; = 0 can occur for lower s when (4 is low enough, relative

to s. Let us find the value of T¢ and s such that y4(z) and yp(z) coincide exactly at zero. Let us

denote such critical values by s* and fé They follow from
Ha' (Haly @) — (L - 9)78) = 5" (Hsly' @) - 58) - (105)

When s is greater than s*, given Eé, y4(0) is greater than yz(0) and vice versa. On the other
hand, the given fg, the critical value of (4 (denoted, similarly, by C}) follows from

/ " wlya(2) — wlys() dz = CX. (106)

Taken together, equations (105)-(106) form a system with two equations and three unknowns,
(s*, Eg, ¢*). We can treat s* as an exogenous variable, that determines the remaining two variables
(T, ¢*) as endogenous ones. Thus, we have a function C:(s*). When, for a given s*, a given (4
is smaller than C:{ (s*), Tc needs to become less than fé' (s*), thus making T); be greater than
zero. Thus, (*(s*) gives us the critical value for the entry cost, above which, Z; is equal to zero.

This applies when s < hA(y*}Zg)()y;}(L?()y*(o)). When s > hA(y*’Eg)()y;I(zog)()y*(O))’ T remains zero for any

entry cost (4.
To see that (:{ is decreasing with an increase of s*, consider first the behavior of 55 Taking

the full derivative of (105) with respect to fé and s*, and after transforming the terms, we get

ha @) ha(y" (@8) -
izt | e e 7Y mwetseem S| [ Tk LT
ds* ha(y) hi(y) haly)  hs(y) )’
(107)

where the term on the left-hand side is positive, due to the previously employed properties of T¢.
Thus, Eé is decreasing with respect to s¥. Since this means that the integral on the left-hand side

of (106) is also decreasing, we can conclude that C: is decreasing with respect to s*.
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A.6 Proof of Corrollary 2

Another interesting observation concerns the efforts of the constrained workers. It turns out
that in equilibrium, sufficiently high-talented constrained workers always exert higher efforts than
under PAM. To see this, consider the difference in effort for the highest constrained worker with

x=1:
Ae(1,C) =ep(15C) — £ (1) = w(ys(1)) — / w(ys(2))dz — w(y* (1) + / w(y*(2))dz  (108)
0 0
1
- [ W) - wlus)] = > 0 (109)

Furthermore, consider the lowest type among the constrained workers, who would get the
same job in equilibrium, as under PAM, Z¢. For the constrained workers close to T¢ but below,

we have

Ael(z,C) ~Tcw'(ys(Tc)) (ys(Tc)) — Tow' (y* (Te)) (y* (Tc)) = (110)
— k(= S B 1
=zcw'(y*(Tc)) <h6(y*(:17c)) A @) T hzs(y*(:rc))) >0, (111)

while for the constrained workers in [Z¢, 1] it holds that Ae(x,C)! = 0. Thus, in equilibrium, the
difference in effort that the constrained workers have to exert is the highest for types in [Z¢, 1].
Moreover, there is a unique threshold type Z¢ € [0,T¢) such that constrained workers above that
type exert higher effort in equilibrium than under PAM. In order to demonstrate this, consider

Ag! (z,C) for an arbitrary talent type z,

/ !/ S / * 1

8et(2,0) == (W) e o — w0 D ) (2

and notice that due to w() being concave, w’(yp(z)) is larger than w’(y*(x)). Combined with the

assumption of H4 = rr Hp, this ensures that &/, (x,C) is monotonically increasing in x and thus,
that e(z,C) > 0 for x > &¢.

It is also worth noting that if w(.) is concave enough, Ae(z, C) can be positive for all € [0, 1].

For this, consider an example. Let w(y) = /y, Ha(y) = y?, and Hp(y) =y, s = 0.43, and (4 high

enough so that none of the constrained workers are willing participate in A. Under such setting,

PAM job allocation is y*(z) = 3 (v/5+ 4z — 1) and equilibrium allocation to constrained workers

is yp(x) = 1 — s + sx. We have that Ae(z,C) is strictly increasing because Ae’,(x,C) > 0 for z
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arbitrary close to zero:

Acy(2,0) s _ 1 S ~ 3.4 %1074 > 0.
z 2V1— s+ sz 2\/%(\/@,1) V5 +4dz | |a—05—0.43

(113)

This shows that Ae(x,C) can be positive for all types of constrained workers. Note that for this
to occur, it is necessary that there is no “Diversification” by the low-ability mobile workers, since

there must be a high enough gap between jobs awarded to type 0 in equilibrium and under PAM.

A.7 Missing Expressions

The expressions for the allocations in the illustrative example, assimilation case, are as follows:

VB + 4z — 1), ifx >7Zc

Vo +4zc —1) = s(@c — =), ifxe€ [Ty, To) (114)
VB +dx — 1), if < Ty

VB +dx —1), ifx >7c

y@; M) =S \/3+ sFc + (1 - s)o — 3B+ dmo, iz € [Far. o) (115)
(V5 + 4z — 1), if v <@y

y(z;C) =

N= = N

The value of T is pinned down by y(Zp;C) = y(ZTar; M) and is given by Ty (To) = 1/5% +
ZTc — /5 +4Tc/s. The value of T¢ is pinned down by (4 = ET;(Tc) w(y(z, M)) — w(y(z,C))dz.
This way, T¢ is the lowest of the constrained contestants who becomes indifferent between the two
contests. This region corresponds to part 2 (assimilation) of proposition 3, with Tp; = 0. Other
than T, = 0 instead of Ty, > 0, this region coincides with the previous one. This time, the value

of T¢ is pinned down by (4 = fofc w(y(z, M)) —w(y(z,C))dz.
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